
BE/Bi 101: Order-of-Magnitude Biology
Homework 6

Due date: Friday, February 20, 2015

“Life is the sum of trifling motions.”

—Joseph Brodsky (1987 Nobel Prize in Literature, 1991 US Poet Laureate)

1. Entopy and viral packing.
In the very first lecture, we learned how to do approximate integration by approximating curves
as lines. We estimated how much energy it takes to pack the φ29 genome. As a reminder, the
experimental setup is shown in Fig. 1a. A bead in an optical trap is connected to the φ29
DNA. The viral capsid is attached to an immobilized bead. The packing motor works to pack
the genome into the capsid. The optical trap is calibrated such that the force counteracting
packing can be measured. The resulting measurement is the force-packing curve in Fig. 1b.
The area under this curve is the energy required to pack the ≈20,000 bp genome.
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Figure 10.19: Data on DNA packaging in bacteriophage �29. (A) Rate of DNA
packaging and (B) force resisting further packaging as a function of the amount
of genome present in the capsid. (Adapted from D. E. Smith et al., Nature
413:748, 2001.)

602 CHAPTER 10. BEAM THEORY

pipette

DNA

bead

optical trap

bead

viral capsid

antibody

Figure 10.18: Optical tweezers measurement of the forces during DNA pack-
aging. The viral capsid is attached to one bead using antibodies and the viral
genome is attached to a second bead. This second bead is held in an optical trap
and the forces are monitored as the DNA is reeled into the capsid by the ATP-
consuming portal motor. (Adapted from D. E. Smith et al., Nature 413:748,
2001.)

Though we imagine the viral DNA to be packed in the form of a helix as
shown in schematic form in Figure 10.16(A), from the perspective of our elastic
energy functional, the geometry may be thought of as a stacking of hoops of
radius R. The key point is that although the actual radius of curvature is given
by Rc = R(1 + p2/4⇡R2), where p is the helical pitch, for the geometries of
interest here, p ⇡ 2 nm while R ⇡ 20 nm and hence the parameter p2/4⇡R2 ⌧ 1
and can be neglected without compromising on the key features of the analysis.
In light of this approximation and using the fact that for circular hoops  = 1/R,
the elastic energy can be written as

Gbend = ⇡⇠pkBT
X

i

N(Ri)

Ri
, (10.37)

where N(Ri) is the number of hoops that are packed at the radius Ri. The
presence of this term reflects the fact that due to the shape of the capsid, as
the radius becomes smaller the DNA can pack higher up into the capsid, thus
increasing the number of allowed hoops.

To make analytic progress with the expression for the stored elastic energy
given above, we convert it into an integral of the form

Gbend =
2⇡⇠pkBTp

3ds

Z Rout

R

N(R0)
R0 dR0. (10.38)

The summation
P

i has been replaced by an integral
R

2dR0/
p

3ds , where

(
p

3/2)ds is the center-to-center distance between adjacent strands of the DNA
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Figure 1: Force versus fraction of genome packed for the φ29 virus. Adapted from Physical
Biology of the Cell, 2nd Ed., by Phillips, Kondev, Theriot, and Garcia, who adapted it
from Smith, et al., Nature, 413, 748–752, 2001.

In this problem, we will estimate that energy (in terms of pN-nm this time, and not units
of ATP) and compare it to the energy required to overcome the loss of entropy incurred by
packing a free chain into a tiny virus. Presumably, the rest of the energy required to pack the
DNA comes from charge interactions and bending and twisting the DNA to fit into the tiny
virus. As you work through the problem, remember that we gave you some key numbers to
remember in lecture, including the persistence length of DNA, which is about 50 nm, or 150 bp.

a) Prior to packing, we will assume that the DNA can be modeled as a random walk. For
simplicity, you can model your random walk on a 3D lattice (this choice does not strongly
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affect the results). After packing, the DNA has almost crystalline order inside the virus.
We will assume that the packed DNA has only one configurational state. Our goal is
now to compute the entropy change, ∆S for packing. For now, express your answer
in units of the Boltzmann constant. Hint : Remember what is written on Boltzmann’s
tomb: S = kB logW , where S is the entropy, kB is the Boltzmann constant (on the tomb,
it’s actually written only as k), W is the total number of configurations available to the
system (in our case the DNA polymer), and the logarithm is base e.

b) The contribution to the energy required for packing as a result of limiting the configu-
rations of the DNA polymer is T∆S. When computing this contribution to the packing
energy, remember a key number that we gave you in the first lecture, kT ≈ 4 pN-nm.

c) Use Fig. 1b to estimate the energy necessary to pack the φ29 genome into the virus. How
does this compare to the entropic energy you computed in part (b)? Is the entropy of
confinement an important contribution to the energetics of packing?

d) We assumed that we could model the DNA as a random walk and that there was only one
spatial configuration of DNA when packed. Under these assumptions, do you think we
would overestimate or underestimate the entropic contributions to the packing energy?
What other contributions to the entropy of packing should we consider?

2. Thermal diffusion versus gravity.
In our discussions of random walks modeling diffusion, we neglected the influence of gravity.
Imagine we have a particle of size a that is diffusing in a solvent. The difference in density
between the particle and solvent is ∆ρ; for simplicity in thinking about this problem, we will
assume the particle is more dense than the solvent. You can imagine that if the particle is in
a very tall tank of solvent, the particle will tend to settle, having higher probability of being
toward the bottom of the tank. Conversely, if the tank of solvent is short, the particle can be
anywhere within the tank with essentially equal probability. There is then some length scale,
`sed, for which the thermal forces balance the gravitational forces. Write an expression for `sed
in terms of ∆ρ, a, and of course the gravitational constant, g, and the thermal energy, kBT .

Feric and Brangwynne (Nat. Cell Biol., 15, 1253–1259, 2013) found that nucleoli in Xenopus
eggs are of higher density of the nucleoplasm, with ∆ρ ≈ 0.03 g/mL. The nucleus of Xenopus
eggs is gigantic, about 450 µm across. How big would the nucleoli have to be to start to see
sedimentation? Incidentally, nucleoli in the Xenopus egg can be over 2 µm in size.

3. Biased active random walks and diffusion to capture.
During Drosophila oogenesis, droplets of RNA and protein (RNPs) are actively transported
as cargo of kinesin motors walking on microtubules from the anterior of the oocyte to the
posterior. This is a distance of about loocyte ≈ 70 µm. Interestingly, the microtubules are more
or less randomly oriented throughout the cytoplasm. This system is depicted in Fig. 2.
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whether Kin1-dependent cargo transport is supported on these 
dynamic unstable MTs.

Posterior-directed cargoes are actively 
transported on a network of dynamic MTs 
at the posterior of the oocyte
To determine directly whether the dynamic MTs we observe 
extending into the posterior are used for posterior cargo trans-
port, we covisualized MTs and Staufen-RFP at high resolution 
during early to mid-stage 9, at the peak of active cargo redistri-
bution from the center of the oocyte to the posterior (Fig. 3). We 
found a clear overlap between posterior MTs and actively trans-
ported Staufen-RFP particles (Fig. 3 A). Quantifying the rela-
tionship between MTs and Staufen particles, we found that 84% 
of Staufen-RFP particles (n = 25) that showed directed transport 
could be directly observed moving on Tau-GFP–labeled MTs 
(Fig. 3 B and Video 4). We followed individual MTs upon which 
cargo movement was observed and found them to be unstable 
(persisted <10 min). Moreover, we observed several instances 
of MTs depolymerizing very shortly after the particle transit 
(Fig. 3 B, bottom; and Video 5). We conclude that the individual 
dynamic MTs present at the posterior are genuine conduits for 
posterior cargo transport.

cells (Perez et al., 1999). To determine what proportion of MTs 
were actively dynamic, we quantified the relationship between 
Tau and EB1 labeling. Toward the posterior, where it was pos-
sible to clearly identify individual MTs (Fig. 2 B and Video 3), 
we find that EB1 and Tau both mark the same population of 
dynamically extending MTs (80% association; n = 452 MTs; 
20% of MTs did not exhibit extension within the plane of focus 
and were not associated with an extending EB1 trajectory).  
We conclude that the vast majority of MTs are dynamic in  
the oocyte.

To further investigate the dynamic nature of the MTs, we 
tested for the presence of posttranslational tubulin modifications, 
which is an accepted indicator of MT stabilization (Hammond 
et al., 2008). We performed immunolabeling for acetylated and 
glutamylated tubulin. Our results show that, although MTs 
in follicle cells, which are known to show increased resis-
tance to MT depolymerization treatments (Januschke et al., 
2006), contain modified tubulin, the oocyte MTs lack modi-
fied tubulin (Fig. S1). These observations are consistent with 
our demonstration of dynamic MTs in the oocyte. Considering 
our results so far, we conclude that MTs extend into the ex-
treme posterior of the oocyte and are highly dynamic and un-
stable throughout the whole oocyte. This raises the question of 

Figure 1. A dynamic network of MTs extends throughout the oocyte posterior. Also see Video 1. (A–A ) Tau-GFP–labeled MT in a living stage 9 oocyte. 
(A) Overview from anterior to posterior (projected 10-µm z series at reduced magnification) showing the gradient in MT density. (A  and A ) Two regions 
at increased magnification (100× 1.4 NA oil objective) showing the tight dense network of MTs toward the anterior and the more sparse network of MTs 
extending into the extreme posterior (projected 4-µm z series, which were contrasted individually to display the MT present). (B) Comparison of the Tau-GFP– 
labeled MT distribution at three time points merged as an RGB image to highlight the changes. The individual channels are shown below. Inserted diagrams 
in A and B show the orientation of the Drosophila egg chamber and the portion of the oocyte imaged. Throughout the images, the convention is posterior 
to the right. Bars: (A) 25 µm; (A  and B) 10 µm.
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Figure 2: A Drosophila oocyte. Left, schematic with anterior and posterior labeled.
Second from left, Tau-GFP live imaging, showing microtubules. Scale bar: 25 µm. A′ and
A′′ depict zoomed regions. Scale bar: 10 µm. Adapted from Parton, et al., J. Cell Biol.,
194, 121–135, 2011.

In a series of careful and painstaking experiments, Zimyanin and coworkers (Cell, 134,
843–853, 2008) observed that the kinesin motors move the RNPs along the microtubules at a
speed of about 400 nm/s. They also observe that the kinesin motors travel about 2.5 µm before
detaching and reattaching to a neighboring microtubule.

a) This process can be described as active diffusion. What is the diffusion coefficient?

b) The posterior has a sticky goo that traps the RNPs when they arrive there. So, one
may think of the process of moving the RNP from the anterior to the posterior as a
diffusion/capture process. Derive a scaling relation relating the diffusion coefficient you
computed in part (a) to the typical time to capture at the posterior. Is this timing
consistent with typical developmental time scales?

c) A typical RNP is about 100 nm in diameter. One of us (JB) has measured the viscosity of
the cytoplasm in the oocyte to be about 1000× that of water. On average, how long would
it take the RNP move from the anterior to capture at the posterior by thermal diffusion?
How does this timing compare with active diffusion? Is thermal diffusion consistent with
developmental time scales? Hint: Remember the Stokes-Einstein-Sutherland relation,
D = kBT/6πηa, and some of the key numbers from the first day of class, kBT ≈ 4 pN-nm
and ηwater ≈ 0.001 Pa-s = 10−9 pN-s/nm2.

d) Interestingly, Zimyanin and coworkers also measured that the microtubules have a 57%
bias in their alignment pointing toward the posterior. This exact number was later verified
by other methods by Parton and coworkers (J. Cell Biol., 194, 121–135, 2011). So, the
process is actually an active diffusion plus drift to capture. What is the drift velocity?
Use the drift velocity to determine the time to capture of an RNP starting at the anterior.
How does this compare to the active diffusion to capture estimate from part (b)?
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